We investigate the generalized form factors of the nucleon in a light-cone spectator-diquark model. Compared to the form factors, the generalized form factors contain some more information of the structure of the nucleon. In our calculation, both the scalar and the axial-vector spectatordiquark are taken into account. As a relation between the spin in the instant form and that in the light-cone form, the Melosh-Wigner rotation effect is included for both the quark and the axialvector diquark. We also provide numerical results from our model calculations, and the results are comparable with those from lattice QCD.
I. INTRODUCTION
Hadrons are bound states of the strong interaction which is described by the quantum chromodynamics (QCD) in the framework of the Yang-Mills gauge theory. One of the most challenging problems in particle physics is to understand the hadrons such as the proton and the neutron in terms of the quark and gluon degrees of freedom. Due to the nonperturbative nature of the QCD, it is complicated to calculate the properties and structures of hadrons, especially when the relativistic effects are taken into account. Although Euclidean lattice methods provide a very important first principle numerical simulation of the nonperturbative QCD [1, 2] , it is limited by the enormous computational complexity, and dynamical observables in the Minkowski space-time are not directly obtained from the Euclidean lattice computations. The Dyson-Schwinger and Bethe-Salpeter methods are also powerful tools in studying the confinement and the dynamical chiral symmetry breaking [3, 4] , but in practice the analyses are limited to the ladder approximation in the Landau gauge. Thus, at present, phenomenological models are necessary and helpful for us to provide a physical picture of the structure of hadrons.
The constituent quark model [5] [6] [7] and the parton model [8, 9] are proved successful in classifying the hadrons and explaining the experimental observations in high energy hadron scatterings. The light-cone form [10] of the QCD reconciles the covariant non-abelian quantum field theory and these models. In this form the fields are quantized at the fixed light-cone time τ = t + z instead of the usual time t, and its simple QCD vacuum structure allows an unambiguous definition of the constituents of a hadron. The hadronic properties are all encoded in the lignt-cone wave function in terms of their quark and gluon degrees of freedom, and the wave function is fully relativistic and frame-independent [11] .
The diquark was first mentioned in Gell-Mann's paper on quarks [5] . Then the quarkdiquark model was introduced by Ida et al. [12] and Lichtenberg et al. [13, 14] to describe a baryon as a two-body system of a quark and a diquark. In this model, many baryonic properties were calculated, such as the baryon spectra [15] [16] [17] [18] , magnetic moments [19, 20] , neutron charge radius [21] [22] [23] , baryon decays [16, 17, [24] [25] [26] [27] [28] and structure functions [29] [30] [31] [32] [33] [34] [35] [36] . However, the original quark-diquark model is not a fully relativistic model, and the physical picture of the diquark as a two-quark tightly bound state is unnatural. In the high energy scattering experiments, especially the lepton nucleon scatterings, the nucleon can be regarded as an active quark which is struck by the virtual photon and a spectator-diquark which does not couple to the virtual photon directly [37] . From this point of view, the diquark is the remaining constituents of the nucleon to provide the other quantum numbers, and some nonperturbative effects are taken into account by the mass of the spectator effectively. In order to provide a relativistic description, the Wigner rotation [38] or the Melosh transformation [39, 40] , which relate the spinors in the instant form to those in the light-cone form, should be taken into account. This effect plays an important role in understanding the "proton spin puzzle" [41, 42] . This light-cone spectator-diquark model were applied to calculate the electromagnetic and axial form factors, transition form factors, structure functions and transverse momentum dependent parton distributions (TMDs) [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] , and the results matched the data well. Therefore, it is necessary to extand its application to other physical observables as a further test and to help us understand the structure of nucleons more clearly.
In this paper, we calculate the generalized form factors of the nucleon in the light-cone spectator-diquark model. Compared to the ordinary form factors, they contain some more information about the internal structure of the nucleon. We also provide numerical results of our calculations, and the results are comparable with the lattice QCD data. The paper is organized as follows. In Sec. II, we briefly review the light-cone spectator-diquark model.
Then we calculate the generalized form factors of the nucleon in Sec. III, and provide our numerical predictions in Sec. IV. A summary is contained in the last section.
II. THE LIGHT-CONE SPECTATOR DIQUARK MODEL
A free hadron state is an eigenstate of the Lorentz invariant light-cone hamiltonian H LC =
⊥ with the invariant mass square as the eigenvalue. The hadron state can be expanded on the complete basis of free multiparticle Fock states which are quantized at the fixed light-cone time τ = t + z [11] ,
where N is the number of the components in the state |n , x i = k + i /P + is the light-cone momentum fraction of the ith component and k ⊥i , λ i are its intrinsic transverse momentum and helicity. The projection of hadron eigenstate |ψ H on the Fock state |n is the light-cone wave function, ψ n/H , which is frame-independent.
The hadron eigenstate is normalized as
and correspondingly the light-cone wave function is normalized as
The one-particle state is defined by |p
where the a(p), a † (p), b(p) and b † (p) are annihilation and creation operators for bosons and fermions respectively.
For a nucleon the leading term in the Fock states expansion is the valence quarks state |. In the impulse approximation, a single constituent quark is struck by the lepton and the remain part is regarded as a spectator-diquark which does not interact with the lepton. In fact, some nonperturbative effects between the spectator quarks and gluons from higher Fock states, |qqqg , |, · · · , can be effectively absorbed into the mass of the spectator-diquark. Thus a spin one-half nucleon in the light-cone spectator-diquark model is effectively expressed as
where S and V represent the scalar and axial-vector diquark respectively, φ S and φ V are the momentum space light-cone wave functions and θ is a angle to describe the SU(6) spin-flavor symmetry breaking. In this paper, we choose the SU(6) symmetry case θ = π/4.
To write down the spin space wave function, we start from the SU(6) quark model in the instant form. The quark-spectator-diquark states for the proton are written as
Then we transform the instant form spinors to the light-lone form through the MeloshWigner rotation [38, 39] ,
where w = 1/ 2k + (k 0 + m) and the subscripts T and F represent the instant form and light-cone form spinors respectively. This result is in agreement with that of Lepage and
Brodsky [63] . The scalar spectator-diquark does not transform since it has spin-zero. For the axial-vector spectator diquark, the Melosh transformation for a spin-1 particle is written
For the momentum space light-cone wave function, we assume the Brodsky-Huang-Lepage (BHL) prescription [68] [69] [70] ,
where the subscript D represents the diquark with S for the scalar and V for the axial-vector, m q and m D are the masses of the quark and the spectator-diquark, β D is the harmonic oscillator scale parameter and A D is the normalization factor.
III. THE GENERALIZED FORM FACTORS OF THE NUCLEON
The QCD Lagrangian density is
where There are six towers of twist-two operators which form totally symmetric representations of the Lorentz group [71] :
whereF µν is the dual field strength tensor and
In this work, we focus on the quark part operators, i.e. Eqs. (11) (12) (13) . For n = 1, these operators reduce to the vector, axial-vector and tensor currents, and the corresponding electromagnetic, axial-vector and tensor form factors can be defined. For n = 2, the generalized form factors of a spin one-half nucleon are defined as
where P = (P + P ′ )/2 is the average nucleon four-momentum, q = P ′ − P is the transferred four-momentum with Q 2 = −q 2 , u(P, S) is the Dirac spinor, and A represents the antisymmetrization of the indices µ and ν.
In the light-cone gauge A + = 0, no ghosts exist and the gluon has physical spin projections
The plus component of the covariant derivative D + in this gauge is exactly the ordinary derivative ∂ + . Then we expand the Dirac field operator as
and take the plus-plus component of the operators in Eqs. (17) and (18):
Here we use the Lepage-Brodsky conventions for the properties of the light-cone spinors [63] .
For the operator in Eq. (19) , the plus-plus-plus component vanishes due to the antisymmetry of the first two indices. However the covariant derivative only appears with the latter two indices. Therefore we can choose a transverse indice for the first one. Then the operator is expressed as
To calculate the generalized form factors, we choose the frame as
where 2q · P = −q 2 = Q 2 . Then we can calculate the generalized form factors through
As introduced in Sec. II, the nucleon spin state can be written as a superposition of a series of quark-spectator-diquark states:
where q is the flavor of the quark, D is the kind of the diquark, and the state |q
can be expressed with the creation operators as
The subscripts λ and Λ represent the spins of the quark and the spectator-diquark respectively, and they are defined in the light-cone form. The momentum of the quark is
and the momentum of the spectator-diquark is
Then the coefficients C qD λΛ derived with the Melosh-Wigner rotations are
The expansions of the other proton spin state |P, ↓ and the final state P ′ , ↑ | are similar.
Substituting the operators (21)- (23) and the proton state expansions (31) into Eqs. (26)- (30),
we can obtain the expressions of the generalized form factors in the light-cone spectatordiquark model.
IV. NUMERICAL RESULTS AND DISCUSSIONS
We choose the parameters in the model for our numerical calculations as m =330 MeV, m S = 600 MeV, m V = 800 MeV,
which are similar as the choice in [45] . The difference of the masses of the scalar and axial-vector spectator-diquark is due to the spin interaction from color magnetism or alternatively from instantons [65, 66] , and the values are chosen as estimated to explain the N − ∆ mass difference. Phenomenologically, the calculated results with these values are in reasonable agreement with the experimental data, such as the ratio of structure functions [67] , the quark distributions [45] and the form factors [43] . As mentioned in Sec. II, we choose the BHL prescription [68] [69] [70] for the space part of the nucleon light-cone wave function. Instead of this, there are some alternative choices, such as the Teren'ev-Karmanov (TK) prescription [72, 73] and the Chung-Coester-Polyzou (CCP) prescription [74] . Besides, the light-cone wave function may also be solved through the AdS/CFT correspondence between the string states in anti-de Sitter (AdS) space and conformal field theories (CFT) in physical space-time as a first approximation to the QCD [75] [76] [77] . To better describe the quark distributions on the light-cone momentum fraction x, we normalize the unpolarized k ⊥ -integrated parton distributions to the MSTW parametrizations [78] by multiplying the light-cone wave function with a factor:
where the f In addition, the operator O µν is just the quark part of the energy-momentum tensor:
which is obtained by varying the QCD action with respect to the space-time metric g µν , and
the plus-plus component of the second term vanishes. Thus the corresponding form factors are usually named as the energy-momentum tensor or the gravitational form factors. The energy-momentum tensor current is a spin-2 current and in principle couples to the graviton.
Thus the gravitational form factors are "measurable" via elastic graviton proton scatterings as mentioned in some literature [79] , but this experiment is infeasible at least at present.
Since the energy-momentum tensor operator does appear in the operator product expansion for a product of two vector currents T {j µ (ξ)j ν (0)}, it is suggested to measure the A(0) and B(0) through the deeply virtual Compton scattering (DVCS) process [80] and the deeply virtual meson production (DVMP) process. However, to extract the Q 2 dependence of these form factors is quite a challenging issue, and there are no efficient methods yet. Besides, the generalized form factors can also be obtained via the Mellin moments of the generalized parton distributions (GPDs) which provide a comprehensive framework for describing the parton structure of the nucleon:
where G represents the GPDs H, E,H,Ẽ, H T , E T ,H T andẼ T , and F (Q 2 ) represents the n = 2 generalized form factors
respectively. There are similar relations between the n-th Mellin moments of the GPDs and the generalized form factors for n > 2 cases.
The DVCS process was measured at the Jefferson Lab [81] [82] [83] and at HERA [84] [85] [86] [87] [88] .
Some information of the GPDs is already obtained, but it is still a big challenge to extract the GPDs precisely. The future experiments with high luminosity and resolution, such as the COMPASS-II [89, 90] and the Jefferson Lab 12 GeV experiment [91] , will improve the measurement. However, the analysis for extracting the GPDs requires also a partial modeling of the combined dependence on the momentum fraction x, the skewness parameter ξ and the virtuality t = −Q 2 . An alternative method for cross-checks is given by the lattice QCD. Although the GPDs are not directly accessible on the lattice at present, their Mellin moments, i.e. the generalized form factors, are accessible. We compare our calculations with some lattice QCD results [92] in Figs. 4-6 . Whereas, the results from the lattice QCD still have much dependence on the parameters. For example, the pion mass, as an important parameter in lattice computations, cannot be chosen as small as the real physical value because of the limitation on the computational techniques [93, 94] . In addition, as shown in [94] , the optimizations in lattice computations may also cause visible changes. Therefore, the results from lattice QCD still have large uncertainties. 
V. SUMMARY
In this paper, we have calculated the n = 2 generalized form factors of the nucleon in a light-cone spectator-diquark model. The Melosh-Wigner rotation effect is included for both the quark and the axial-vector diquark. This model is proved successful in some phenomenology investigations, such as form factors, structure functions and TMDs. As a further test of the model and an investigation of the structure of the nucleon, it is significant to extend its application to other observables. Compared to the ordinary form factors, i.e. the n = 1 case, the generalized form factors contain much richer information of the nucleon. Experimentally, the generalized form factors can be measured via the DVCS or DVMP processes, since they are Mellin moments of the GPDs which provide a three-dimensional picture of the nucleon. On the other hand, the generalized form factors can reflect the properties of the GPDs. However, extracting the GPDs from experiments is quite challenging and partially model dependent. As an alternative method for cross-checks, the generalized form factors are accessible on the lattice QCD. We also compared our results with some lattice QCD data. By taking the uncertainties in lattice computations into account, our results are comparable with the lattice QCD data. Therefore, this study will help us to understand the three-dimensional parton structure of the nucleon as well as the nonperturbative QCD properties.
